The focus of this paper is the determination of dynamic parameters for structural systems with fractional viscoelastic (VE) dampers installed on them. The structures are treated as linearly elastic systems, subjected to earthquake-induced ground motion. Fractional Kelvin and Maxwell models with three or four parameters are used. These models, apart from stiffness and damping coefficients, are defined by the number representing the order of fractional derivatives. It is the aim of the study presented in this paper to establish a criterion, enabling the comparison of various damper models so as to obtain same or similar dynamic parameters of systems with different damper models.
Introduction
Passive damping systems are mounted on structures in order to reduce excessive vibrations caused by winds and earthquakes. Various kinds of mechanical devices, including viscoelastic (VE) dampers, are used in the passive systems. A number of applications of VE dampers in civil engineering are listed in [1, 2, and 3] . In the past, several rheological models were proposed for describing the dynamic behaviour of VE dampers [4÷10] . Both classic and so-called fractional-derivative models of dampers are available. In the classic approach, mechanical models consisting of springs and dashpots are used to describe the rheological properties of VE dampers (see [5, 6, and 7] ). In this approach, the rheological properties of VE dampers are described using the fractional calculus [8, 9, and 10] .
The fractional models have an ability to correctly describe the behaviour of VE materials and dampers using a small number of model parameters. Three parameters sufficiently describe the VE damper dynamics, which is an important advantage of the model discussed. However, in this case, the VE damper equation of motion is the fractional differential equation.
In this paper, planar frame structures with VE dampers mounted on them are considered. The VE dampers are modelled using the fractional Kelvin and Maxwell models. The nonlinear eigenvalue problem is formulated from which the dynamic parameters of the system can be determined. The continuation method is used to solve the above mentioned nonlinear eigenvalue problem. Similarly to the method described in [10] , the dynamic behaviour of a frame with viscoelastic dampers is characterized by the natural frequencies and the non-dimensional damping factors. The above-mentioned properties are defined on the basis of eigenvalues, obtained from the nonlinear eigenproblem.
It is the aim of the study to establish a criterion, enabling the comparison of various damper models so as to obtain same or similar dynamic responses of systems with different damper models. The natural frequencies and the nondimensional damping factors were evaluated for the whole system, i.e., the frame with VE dampers. In addition, the frequency response function of displacements and interstorey drifts were calculated.
The studies were carried out by adopting four different rheological models with fractional derivatives to describe VE dampers. In this work, the authors proposed a criterion which enables the comparison of the considered models. The equivalent models are those for which the dynamic parameters of structure are similar or identical.
Rheological model of damper
The rheological properties of VE dampers were described using four different fractional models, i.e., three-and four-parameter Kelvin and Maxwell models. The three-parameter Kelvin and Maxwell models consist of a fractional dashpot with the constants:
) connected in parallel or in series with a spring of the stiffness i k (see Figure 1 ). In the four-parameter models, there is an additional element of the stiffness 0 k (see Figure 2 ). The equations of motion describing the force in damper versus displacements could be written as follows:
for a three-parameter Kelvin model,
for a three-parameter Maxwell model,
for a four-parameter Kelvin model, 
The damper parameters
The influence of fractional VE dampers on the dynamic behaviour of a structure could be analyzed on the basis of the dynamic parameters of the structure with and without dampers. The response of the structure depends on the type of the damper model used and on the value of coefficients d c , α , d k and 0 k . When the stiffness and damping coefficients are identical for each model, then the value of forces generated by the dampers and the dynamic behaviour of the structure will be different for each case of the model used [12, 13] . In order to obtain comparable values of force we must choose the stiffness and damping coefficients is such a way that the energy dissipated by damper is similar for each model. For dampers described by fractional rheological models vibrating harmonically in time
the amount of dissipated energy can be expressed by the formulas:
• for the three-parameter Kelvin model (k3):
• for the three-parameter Maxwell model (m3):
• for the four-parameter Kelvin model (k4):
• for the four-parameter Maxwell model (m4):
where λ is the frequency of vibrations, 0 x is the amplitude of displacements, 
which was derived from the condition that the energy dissipated by both models of damper executing harmonically varying vibrations is the same. Another way to compare the rheological models mentioned above is to adjust the stiffness and damping coefficients in such a way that the loss factor for all of the considered damper models is the same or similar. The loss factor for the fractional models of damper is defined as follows:
For appropriately selected coefficients d c and d k in the models (k3), (k4) and (m4) one can obtain similar values of the loss factor for all values of λ . In this case, the function of loss factor increases for higher values of frequency λ . However, for the model (m3), function ) (λ η derived according to Formula (11) declines with frequency of vibration. Thus, the same value of loss factor for all models can be obtained only for one selected value of frequency.
The equations of motion
A structure with VE dampers is treated as an elastic linear system which could be modelled as the shear frame. The mass of the system is lumped at the level of storeys. The viscoelastic dampers are installed between two successive storeys. The equation of motion of the structure with dampers can be written as follows:
where the symbols s M , s C and s K denote the mass, the damping, and the stiffness matrices, respectively. Moreover,
denotes the vector of displacements of the structure and
forces. The components of vector
are the interaction forces between the frame and the dampers (see Figure 3 ). If a structure with only one damper, denoted as the damper number r, mounted between two successive storeys, k and k+1, is considered then the vector of damper forces could be written in the following form:
where
. For a structure with m dampers the vector of interaction forces is:
In this paper we investigate the dynamic parameters of a system with many viscoelastic dampers, but their rheological properties are represented by the same type of fractional model. After some transformations, it is possible to eliminate the variable w q from relationships (2), (3) and (4) . Then the forces of interaction between the frame and the dampers can be written in the following form:
After applying the Laplace transform, the equation of motion (14) can be written as: 
where v k and ) (s G stands for, respectively:
Finally, for the structure with viscoelastic dampers we can write:
The dynamic characteristics of structures
For 0 p = ) (s Equation (24) constitutes a nonlinear eigenproblem from which one can obtain eigenvalus and eigenvectors. A nonlinear eigenproblem can be solved using the continuation method which is similar to the one described in the paper [10] . In this way the complex and conjugate eigenvalues i s and the corresponding vector i q are determined. The dynamic behaviour of a frame with viscoelastic dampers is characterized by the natural frequency i ω and the non-dimensional damping parameter i γ . Similarly to viscous damping, the above-mentioned properties are defined as follows:
When the structure is subjected to base acceleration ) (t u g , the excitation vector is written as: 
The vector ) (λ H derived from relationship (24): 
The Laplace transforms of bending moments r M in columns could be written in the following form:
where r h is the height of the storey, r EI is the rigidity of the column r.
The results of calculation
In the numerical example, a ten-storey building structure modelled as a shear plane frame with VE dampers mounted on it is considered. Bending rigidity varies in sequence for every two storeys: (data taken from [3] ). Viscoelastic dampers of which the rheological properties are represented by the same type of fractional model are installed on each storey. The calculations were carried out for several sets of data, i.e., the values of parameters chosen for the considered rheological models of dampers. The dynamic behaviour of structure with dampers was compared on the basis of dynamic characteristics derived for the considered system.
In Table 2 : Non-dimensional damping factors i γ Natural frequencies are higher whereas the values of non-dimensional damping factors are usually lower for a frame with dampers described by model (k3), in comparison with the frame with dampers (m3). When the four-parameter models are applied, both the natural frequencies i ω and factors i γ are higher for a frame with dampers (m4). The value of non-dimensional damping factors obtained for a frame with dampers (k4) are significantly lower, compared with frames with the dampers described using other models. Next, we derived displacements of structure subjected to base acceleration. The maximal amplitude of interstorey drifts were determined for j s ω i = where
ω is the natural frequency of structure with dampers. On the basis of the results compiled in Table 3 , it can be observed that the main influence on displacements is observed for just a few lower modes of vibration. Therefore, in our next analyses we will take into account the results obtained for the first three natural frequencies (resonance picks). The displacements given in Table 3 correspond to the values of non-dimensional damping factors shown in Figure 4 shows the function of energy dissipated by the considered models of dampers derived from formula (5) ÷ (8): red colour for model (k3), green for (m3), blue for (k4) and yellow for (m4). In each model we assumed the same value of damping and stiffness coefficients, so uniform data were taken as:
The damper described by model (k4) has the smallest ability to dissipate energy, which corresponds with the results given in Table 3 . For the structure with dampers modelled by model (k4) the highest values of displacements were obtained. The application of model (k3) yields the lowest displacements because the damper with this model has the highest ability to dissipate energy.
Because of the large differences in the functions shown in Figure 4 the values of stiffness and damping coefficients were modified in such a way that the amount of energy dissipated by each model of damper was similar. The coefficients for the three-parameter Kelvin model remain unchanged. , so now they dissipate a similar amount of energy. Next, the parameters for model (m4a) were derived using Formula (9):
. If the modified parameters are applied in the considered models, then the function of energy dissipation has similar values for excitation frequency in the range from 0 to sec rad 0 . 30 (see Figure 5) . Moreover, for dampers modelled by model (k4a) and (m4a) functions of dissipated energy overlap (blue colour). The dynamic characteristics of structure with dampers modelled using the modified parameters are presented in Table ( The modification presented above of parameters of the considered models of dampers caused small changes in the values of first natural frequencies. In all cases, the amplitudes of displacements decreased, which is associated with the growth of the values of non-dimensional damping factors 1 γ . It can be observed that the modified dampers provide more similar responses of structure in comparison with dampers modelled with identical coefficients d c and d k . This is because the energy dissipated by each model of damper has a similar value for frequency, equal to 1 ω .
Using the same value of stiffness and damping parameters for all models of dampers, the present authors derived the loss factor functions from formulas (10) ÷ (13). The diagram of loss factor functions for all of the considered fractional models of dampers is presented in Figure 6 : red colour for model (k3), green for model (m3), blue for (k4) and yellow for (m4). It is easy to observe that the value of loss factor differs widely for each damper model.
The aim of another modification of coefficients d c and d k is to adjust the value of loss factor performed by each model of damper. For the damper modeled by model (m3) the value of loss factor decreases with frequency while for other models it increases. Consequently, it is possibly to find the value of coefficients d c and d k in such a way that the value of loss factor is similar for each model of damper only for the selected frequency λ . The displacements of structure have maximal amplitudes at the first resonance peak, so we adopted the values of parameters d c , d k in such way that the loss factor has similar values at the first natural frequency for each damper (see Figure 7 ). . For those parameters the loss factor equals approximately 0.15 when the frequency of vibration is in the range between 23 and 29 rad/sec (see Figure 7) .
As shown in Figure 7 for model (k4b) and (m4b), an identical diagram of loss factor was obtained (yellow colour). The dynamic characteristics of structure with dampers calculated for a new value of dampers coefficients are presented in Table 5 The dynamic behaviour of structures with VE dampers described by model (k4b) is comparable to the response of system with model (m4b). The damper modelled by model (m3b) has the smallest ability to reduce frame vibrations. The reason why model (m3b) can not be adjusted to other models is because of the small values of the loss factor obtained by this model for higher frequencies λ .
Concluding remarks
In this paper the authors have studied the effectiveness of viscoelastic dampers described by three-and four-parameter fractional rheological models. The dynamic behaviour of a structure with dampers mounted on it was expressed by dynamic characteristics: natural frequencies, non-dimensional damping ratios, the amplitudes of interstorey drifts, and the amplitudes of bending moments in columns. The calculations were carried out for a selected shear frame with dampers modelled by four various rheological models. The influence of dampers was compared by adopting various criteria of equivalence for the considered models.
When the same values of damping and stiffness coefficients were assumed for each model, the smallest amplitudes of displacements were caused by dampers with the largest energy dissipation ability. Moreover, there are significant differences between the dynamic characteristics of a structure with various dampers, including the amplitudes of displacements (interstorey drifts) because the energy dissipated by each considered model was different.
In the second approach, the value of stiffness and damping coefficients were modified in such a way that the amount of energy dissipated by each model of damper was similar. It was possible to derive an identical function of dissipated energy in the frequency domain only for four-parameter Kelvin and Maxwell models. On the basis of fixed values of damping and stiffness coefficients for model (k3), the parameters for models (m3) and (k4) were established in order to align the ability of energy dissipation for each damper model. In this case, the dynamic characteristics of a structure with dampers modelled by various fractional models were more alike.
The third criterion enabling comparison was the loss factor derived for each considered damper model. The values of stiffness and damping coefficients for models (m3), (k4) and (m4) were investigated in order to obtain a similar value of loss factor derived for first natural frequency. The results for a structure with dampers modelled by the three-parameter Maxwell model were significantly different from those obtained for a structure with other models.
The results of numerical analysis show that the parameters of fractional VE dampers could be chosen in such a way that the effect of their interaction with the structure led to a similar behaviour of the system. Rheological models with such properties could be treated as equivalent models of dampers. The best criterion which enables various models of viscoelastic dampers to be compared is the function of dissipation of energy. The amount of dissipated energy depends on many factors, primarily it is a function of frequency.
